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The simplicial complex of acyclic sets of an oriented matroid is studied. The 
complex is shown to have the homotopy type of a sphere. As an application, using 
Euler characteristic arguments, the number of acyclic orientations is computed. 
I. 1~TR0DucT10N 
In this paper we study the structure of acyclic sets of an oriented matroid. 
These sets naturally form a simplicial complex and are analogous to the 
independent sets of an unoriented matroid. The maximal simplices are the 
acyclic orientations of the matroid. Our main theorem is that this complex 
has the homotopy type of a sphere. As an application of this analysis, using 
Euler characteristic arguments, we reprove a theorem of Las Vergnas about 
the number of acyclic orientations of an oriented matroid. 
We will be using the notation of Folkman and Lawrence [FL] throughout 
the paper. Also relevant is the work of Mandel [Ma] who takes a similar 
approach. 
II. COMBINATORICS OF ACYCLIC ORIENTATIONS 
In this section we introduce the simplicial complex of acyclic sets of an 
oriented matroid. Certain combinatorial properties are proven, but the main 
theorem is the computation of its homotopy type. We will be using the 
axioms of Folkman and Lawrence [FL] and we begin by recalling their 
definition of an oriented matroid. 
An oriented matroid P is a triple P = (E, P’, *), where E is a finite set, * 
is a fixed-point free involution on E, and % is a collection of subsets of E 
such that: 
26 
0095.8956/84 $3.00 
Copyright F 1984 by Academic Press, inc. 
All rights of reproduction in any form reserved. 
ACYCLIC SETS OF AN ORIENTED MATROID 27 
(Cl) 9? is a clutter, i.e., if S and T are in P and S E T then S = T. 
(C2) IfSEW then S*EG@ and SnS*=0. 
(C3) If S, T E ‘%, x E S f? T*, and S # T* then there is a set C E v 
with C s (S U T) - (x, x* }. 
The sets in w are called the circuits of the oriented matroid. For simplicity 
we will assume throughout that every circuit contains at least two points, i.e., 
f” contains no loops. 
The center of our study is the collection of acyclic sets of /“. For A E E, 
we will call A acyclic if 
(Al) AnA*=0. 
(A2) There is no set C, C E %, such that CGA. 
We denote the collection of all acyclic sets of /f by .w’(P) or just ,cj if the 
reference to f’ is unambiguous. .w’ is an abstract simplicial complex. That is. 
if A E .ci/’ and B G A then B E .I<~. 
LEMMA 2.1. ZfA E .w’ and {x,x*} C? A = 0 then either A U (x) E .d or 
A u {x”} E .w’. 
ProoJ This is an elementary consequence of the circuit exchange axiom 
(C3), coupled with the assumption that p has no loops. m 
COROLLARY 2.2. The cardinality of every maximal simplex is JE\/2. 
We call the maximal simplices of .oi acyclic orientations of Y. It is not 
hard to see that these are in natural correspondence with the acyclic orien- 
tations of Bland and Las Vergnas [BL]. In our context, they are analogous 
to bases of an unoriented matroid, i.e., they are maximal subsets of the 
points that do not contain any circuits. Suppose /P has the property that 
every circuit contains at least three points. Then we will call fT a geometr?‘. 
In this case we have the following “exchange” property. 
THEOREM 2.3 (see also [Co, Lemme 3.71). Let A, and A, be two acyclic 
orientations of an oriented geometry. Then there exists a point e E A, -A, 
such that A, - e + e” is also an acyclic orientation. 
Proof: Recall the closure operator h: 2’ + 2E defined in [FL, p. 204 ] by 
h(B) = B U (x E E 1 there exists C E P such that X* E Cc B U {x*}}. 
(See also the related closure Conv, in [La 1, Sect. 21.) If A is acyclic define 
ex(A) = (e E. A /A - e + e* is acyclic}. It is shown in [La 1, Theorem 2.21 
(see also [Ed, Corollary 2.61) that if A is an acyclic orientation then ex(A) is 
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the unique minimal subset of A such that h(ex(A)) = A. Hence there must be 
a point e E ex(A i) -A, or else by the properties of a closure operator we 
wouldhaveA,cA,.ThusA,-e+e*isacyclic. 1 
We leave as an open problem the characterization of simplicial complexes 
which arise as the collection of acyclic sets of some oriented matroid. 
Theorem 2.3 and Lemma 2.1 as well as Axioms (Al) and (A2) serve as a 
beginning in this direction for oriented geometries. 
III. TOPOLOGY OF .d 
We now consider the topological structure of the simplicial complex &‘. 
This analysis is based on Folkman and Lawrence’s representation theorem 
for oriented matroids [FL, Sect. IV]. In particular we will show that the 
homotopy type of &’ is the same as that of a sphere. We refer the reader to 
[FL, Sect. IV] for the relevant definitions. 
THEOREM 3.1 [FL, Theorem 201. Let d = (E, 5Y?, *) be an oriented 
matroid of rank r. Then @’ is isomorphic to P’ = (<, SY?, *), where < is an 
arrangement of pseudohemispheres on the sphere Y’- I. 
For every e E E, let s, be its related pseudohemisphere under the 
isomorphism in Theorem 3.1. For s E <, let s1 be the relative interior of s. 
Note that s’ is homeomorphic to an open disc. 
LEMMA 3.2. For any subset B c E, nbeB si is either empty or 
homeomorphic to I?‘-‘. 
ProoJ Note that nbcB si = 9’-’ - lJbeB. sb. The lemma is asserted in 
[FL, p. 2171 and proven in [Ma, 4.11.41. 1 
LEMMA 3.3. A GE is an acyclic set of 4 if and only if naGA s’, # 0. 
Proof. A is acyclic if and only if A* is acyclic. It follows from the 
definition of circuits in (& P’, *) that a set r] c < is acyclic if q n q* = 0, and 
U SEll s # 9-l. Then A* is acyclic if and only if iiar-i - tJ,,,* s, # 0. 
Since Y’-’ - U,,,* s, = n,,, s’, the lemma is proven. m 
We should note that Lemma 3.3 is well known. See, for instance, 
Greene [Gr] and Las Vergnas [La2]. 
COROLLARY 3.4. The simplicial complex J/ is isomorphic to the nerve of 
the open covering {s: 1 e E E} of the sphere Yr-‘. 
ProoJ That {sal eEE} is an open cover is a consequence of 
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n ecE s, = 0 which follows from the definition of an arrangement of 
pseudohemispheres. Use (3) in [FL, p. 2161 in the case p = 6, or [Ma, 
Theorem 4.1.51 where such an arrangement is said to have degeneracy 0. 
That the nerve of this cover is isomorphic to .d is a direct consequence of 
Lemma 3.3. i 
THEOREM 3.5. The simplicial complex d has the homotopy type of the 
sphere .S““- ‘. 
Proof: By Corollary 3.4 we can think of ~8’ as being the nerve of a 
certain open covering of the sphere Y’-i. Moreover we know from 
Lemma 3.2 that the nontrivial intersections of this open cover of Y’-’ are 
homeomorphic to R’- ’ and hence are contractible. Then by a theorem of 
Weil (cf. [MC, Theorem 2]), there is a weak homotopy equivalence between 
.d and Y’-‘. As noted in [MC, Parag. 51 a theorem of Whitehead shows 
that this is in fact an actual homotopy equivalence. I 
(We would like to thank A. Bjorner for pointing out the application of [MC]. 
In an earlier version, using a theorem of Leray, we had proven the weaker 
theorem that the homology of ,d and .Yr-’ agreed.) 
COROLLARY 3.6. CAE.-Q(P) (--I)‘“’ = (--I)‘, where Y is the rank of P. 
ProoJ Since -d and .sc”-’ are homotopy equivalent, their Euler charac- 
teristics are the same. Thus we have 
x (F-1) IAl-1 = 1 + (-I)‘-‘, 
A Ed(P) 
‘4 r&T 
Hence 
-J’ (-1)‘A’ = (-1)‘. 4 
A S(P) 
IV. APPLICATION 
In this section we apply the topological results of Section III to count the 
number of acyclic orientations of an oriented matroid. This has been done 
previously by Las Vergnas [Lal, La3]. Special cases were done by 
Stanley [St] and Zaslavsky [Za]. These proofs were based on deletion-con- 
traction arguments. Our proof uses deletion but no contraction explicitly 
appears. 
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Recall from [FL] that if P = (E, g, *) is an oriented matroid, then the - - 
underlying matroid ? = (E, @) is constructed by taking points 
E= (X= {x,x”} IXEE} 
and circuits @ = {c 1 C E V’), where c= (X 1 x E P 1. 
For SG,!?, let S’={x]xES} and CX(S)=](AE.~]AGS}]. Note that 
a(S) is the number of acyclic orientations of the oriented matroid gotten by 
deletion of {x E E I x @J St } from P. 
LEMMA 4.1. 
\‘ (-l)‘Sla(q = (-l)rkE 
SCF 
where rk l? is the matroid rank of I? in 1”. 
ProoJ This is just a restatement of Corollary 3.6. We use the convention 
that a(0) = 1. 1 
COROLLARY 4.2, 
- 7 
\ (-1)IWSl(-l)rkS 
SEF 
= (-l)‘“‘a(E). 
Proof: Starting from (*) in Lemma 4.1 perform Mobius inversion (in this 
case inclusion-exclusion) and the corollary results. I 
THEOREM 4.3. The number of acyclic orientations of an oriented matroid 
P = (E, F;‘, *) is (-l)‘k”~(r”, -l), where x(c”, A) is the characteristic 
polynomial of the underlying matroid ,/cn. 
ProoJ From Corollary 4.2 we have 
a(+ (-1)‘“’ \’ (-,)IFI-ISI(-l) 
srr 
By the appropriate manipulations with powers of -1 we get 
(-l)‘kFa(Cr(E) = \’ (-l)rkF-rkS (-.l)lSl, 
SYF 
The sum on the right-hand side is well known to be ~(c”, -1). See [Ai, 
p. 3031. I 
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